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1. Introduction

The generalized Apostol-Bernoulli polynomials

B,(l“) (x; A) of order a are defined by Luo (2009) and
Srivastava and Manocha (1984) through the
generating relation:

© t" ¢ @
Ymeo B,(la)(x; /1); = (m) e*t, |t + logl| < 2m; 1% =

1,

where a and A are the arbitrary real or complex
parameters and x € R.The Apostol-Bernoulli
polynomials and the Apostol-Bernoulli numbers are
given by

B (x; 2) = BV (x;2), By(A) = B, (0; 2),m € N,

respectively. The case 1 = 1lin the above relations
give the classical Bernoulli polynomials B»(x) and the
classical Bernoulli numbers B.

Recently, for the arbitrary real or complex
parameters a, A and x € R, Luo (2009) generalized
the Apostol-Euler polynomials E,(la)(x; A) of order «a
by the generating relation

o t 2 \@
S B = (o) eIt +logAl <m 19 =1,

The Apostol-Euler polynomials and the Apostol-
Euler numbers are given by
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E,(;2) = EV (6 2), Ep () = E,(0; 1),

respectively. The above relations give the classical
Euler polynomials E,(x) and the classical Euler
number E,, when 4 = 1.

Let x € R. For an arbitrary real or complex
parameters aand A, the Apostol-Genocchi
polynomials of order a are defined by Luo (2009)
and Srivastava and Manocha (1984)

2t
Aet+1

n ()

S, 6P ) = () T et |t + loghl < m; 19 = 1.
The Apostol-Genocchi polynomials and Apostol-

Genocchi numbers are given by

Gn(x:2) = GV (152, o (2) = G (0; 1),

respectively. When A1 = 1, the above relations give
the classical Genocchi polynomials G, (x) and the
classical Genocchi numbers G,,.

The two variable Laguerre polynomials L, (x;y)
are defined by the generating functions (Dattoli and
Torre, 1998)

o La(:y) 5 = €8 Co(xt) (1)

where Cy(x) is the 0-th order Tricomi function
(Dattoli and Torre, 1998)

Col) = Tiz0 o @)
From (1) and (2), we get
Ln(x,y) = B30 Mo, 3)
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The multiple power sums are defined by Luo
(2009) as follows

S;El)(m; A) = Yosv s <vpm=l ( !

V1,Vz,00V,
Vvt 2T

K

20, + - 4+ muy)-.

)Avl+2v2+~»+mvm (v, +
(4)

From (4), we have (Luo, 2009).

(5)

(555 = 105252 () Com sPm )
From (5),forl =1

1—Amemt
1-2et

=TI comrsPmals. ©
The Stirling numbers of the second kind defined
by Ozden et al. (2010) as

e ﬂb t_ b\V
Yo S(nv,a,b,f)— = @ e,,!a )

(7
wherev,a,b,8 € R,a # b.

Unified Apostol-Bernoulli, Euler and Genocchi
polynomials are defined by Ozarslan (2011)

a
b) ext,

21-kek

o pl@c.. 1. e _
Zn:o Pn; (x; k; a, b) P (ﬁbef—a
k € Ny,a,b € R\{0},2,B € C.

(8)

The 2-variable Kample de Feriet Hermite
polynomials are defined in (Ozarslan, 2013; Pathan
and Khan, 2014) as follows
S B (x,y) & = et 9
Definition 1: Let a € Ny, 4 be an arbitrary real or
complex parameter x,y,z € R. The Laguerre-based
generalized Apostol-Bernoulli polynomials are
defined in Khan and Usman (2016) as following
generating functions

[« t" t a 2
{It]| < 2t whena € C,1 =1, |t| < |logA| when a € N,,
A#+1,1*=1} (10)

For k € Z, k>1 then k-th polylogarithm is defined
by Bayad and Hamahata (2011) as

Lip(2) = Ty = (11)
This function is convergent for |z| < 1, when k=1

Li;(z) = —log(1 — z).

Kim and Kim (2015) defined the poly-Bernoulli
polynomials as

Z?ﬁ:o Br(zk) (x)t;': _ Likilt:i_t) ext. (12)
Hamahata (2014) defined the poly-Euler

polynomials by the following generating functions

146

n i _p-t
B B (05 = 2l o (13)

t(et+1)

Kim et al
polynomials as

(2014) defined poly-Genocchi

o k t" _ 2Lixg(1-e7t)
S G (0 5 = =5 e,

(14)

For k=11in (12), (13) and (14), we get the classical
Bernoulli Euler and Genocchi polynomials
respectively,

B (x) = B, (x), E&V (%) = En(x), 6V (%) = G ().

By the motivation of the definition of Khan and
Usman (2016), we define the following expression.

Definition 2: We define unified Laguerre-based
poly-Apostol type polynomials as

oo k, tn
o ( Py, z Lk a, b)); =
na
2174 Lig(1-e7F)
( (,Bbef—ab ! eV (o (xt)

I,k € Ng,a,b>0,a,b € R\{0},a,B8 €C. (15)

For the existence of the expansion, we need

p\D
i. |t] <2mwhena € Ny, k =1and (;) =1,|t] <
b
2m when a € Ny, k = 1,2,3 and (g) =1,]t| <
b
|blog (§)| ,when a € Ny, k € N and (5) *1,1% =
1,a,b € C\{0},B € C.
P
ii. |t| < mwhen (Z) =—1,]t| <
b
|blog (§)| when (g) #1,k=01:=1,a,b €
c\{0},a,B € C.
ny
iii. |t| < m when a € Ny and (;) =-1,x,y,z€R k€
N,B € C,a,b € C\{0},1% := 1 where w = |w|e®, -1 <
|0] < mand logw = log|w| + i6.

Remark 1: Setting k=l=1, a=b=1, z=0 and f =1 in
(15), we have Laguerre-based Apostol-Bernoulli
polynomials

@ n
(Aef—1) ¥ Co(xt) = 2;7:0( LP,B{Q](X, y,0; 1,1,1,1))%

=30 By 0D)5. (16)
Remark 2: Choosing k=1, 1=0, a=-1, b=1, z=0 and
B = A in (15), we get Laguerre-based Apostol-Euler
polynomials

a n
(o) e Colaet) = Zieo (1P 0, 0,00, -1,0) 5

= Z?lo:O ( LEr(la)(x' Y, O; /1)) t_ .

- (17)
Remark 3: Putting k=1, 1=1, a=— %, b=1,z=0and g =

A in (15), we get Laguerre-based Apostol-Genocchi
polynomials
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a
(i) e ol =
Ot (5 CRAUE RS
=320 ( 16 >(x,y,o;A));.

D)

(18)

Laguerre —based Apostol-Bernoulli, Laguerre-
based Apostol-Euler and Laguerre-based Apostol-
Genocchi polynomials are studied and investigated
by Khan and Usman (2016). Luo (2009), Luo and
Srivastava (2005) and Srivastava (2011) introduced
the Apostol-Bernoulli, Apostol-Euler and Apostol-
Genocchi polynomials and proved some theorems
and relations for these polynomials. Kurt (20164,
2016b) introduced the unified family of generalized
Apostol-type polynomials and gave some symmetry
identities and recurrences relations for these
polynomials. Ozden et al. (2010) introduced the
unified representation of the generating functions of
the generalized Bernoulli Euler and Genocchi
polynomials. Ozarslan (2011) studied the unified
Apostol-Bernoulli, Euler and Genocchi polynomials.
He gave some theorems for the Hermite-based
unified Apostol-Bernoulli, Euler and Genocchi
polynomials.

Hamahata (2014) and Bayad and Hamahata
(2011) defined and investigated poly-Bernoulli
polynomials. Kim and Kim (2015) gave some
recurrence relation for the higher-order poly-
Bernoulli polynomials. Kim et al. (2014) introduced
poly-Genocchi polynomials. Pathan and Khan (2016,
2015, 2014) introduced the Hermite-based Bernoulli
polynomials, Euler polynomials and gave some
relation for these polynomials. Khan and Usman
(2016) introduced a new class of Laguerre-based
generalized Apostol polynomials. He also gave some
symmetric relations for these polynomials.

In this work, we define unified Laguerre-based
poly-Apostol type polynomials. After we give some
implicit relations for these polynomials. Also we
prove some symmetric relations for the unified
Laguerre-based poly-Apostol type polynomials.

2. Some implicit relations for the unified
laguerre-based poly-Apostol type polynomials

In this section, we will give some relations
between 2-variable Hermite polynomials and the
unified Laguerre-based poly-Apostol type
polynomials. Also, we will give some implicit relation
for these polynomials.

Theorem 1: There is the following relations
between unified Laguerre-based poly-Apostol type
polynomials and two variable Hermite polynomials

HP (x,y) as
P[k“(xy+uz+vlkab)

=31(0) Py, z Lk a, D)HE (u,v). (19)

Proof: From (9) and (15)

%e Py tuwz+vilka b

147

N a
_ (21—1(L1k(1—e‘t)) ) e(y"”)”(””)‘zCo(xt)

ﬁb t_gb

=y P[ (e, v,z Lk,a, b) ZS H(Z)(u v)—

By using Cauchy product, equating the coefficients of
%, we have (19).

Theorem 2: The unified Laguerre-based poly-
Apostol type polynomials satsify the following
equation

LUy, z + v Lk, a,b) =

251]0 “(,:1'2,)! ( LP,szl},ﬁ ®y.z; Lk a, b)) vt

(20)
Proof: For a = 1, from (15)

[k1] . e _
2w 1Pug (xl,y,z+v, l,k,a,b)m—
217 (Lig (1-€7%))

Bbet—qb
=X

eyttzt? Co (xt)e”tz

vtz

LPi’;ﬂ(x v,z; 1k, a, b) Z°°

Using Cauchy product, comparing the coefficients
both sides, we get (20).

Theorem 3: The following relation holds

LP,PTB“ ©0,y,z;Lk,a,b)
=3h(2) PRk e DHE,, (7, 2).

(21) can be obtain easily from (9) and (15).

(21)

Theorem 4: Let a,b > 0,a # b,x,y,z € R. There is
the following relation between unified poly-Apostol
type polynomials and Laguerre polynomials

LPnITB“](x v,z Lk,a,b) =

[ n-2j LPmﬁ (lkab)Ln 2j— —m(xy)
|
v Z oZm ( ) (n-2))1j!

zJ, (22)

The proof of (22) can be obtain from (1) and (15).

Theorem 5: Unified Laguerre-based poly-Apostol
type polynomials satisfy the following relation

25 ()2 (7)o -
)m+n—r—s P[+n .- qﬁ(x y,z; Lk, a,b) =
pkal (x v,z 1k a b).

LYm+n,B (23)
Proof: We replace t by t+u and rewrite the
generating function (15) as

n a
(M) e Gy (x + (¢ + )

ﬁbe(wu) —ab

= p~Y(tH+u) yo
e Zm,n: n! ml'

Py, zi Lk a,b) S (24)
Replacing y by u in the above equation and
equating the resulting equation to the above

equation. We get
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MW TR nso 1P

n! m!

= Ymn=o mMB(x v.z; Lk, a, b)——. (25)
On expanding exponential function (25) gives

o [@-p)E+w¥
S W g m+n3(x .z Lk ab) oL
= TR0 Pzl kg, b) S (26)
which on using formula (Srivastava, 2011).

. N N . n.,,m
S L e fm+m) S 27)

in the left hand side becomes

ZZO 0230 0(17

tP ud
YIS Vo Eso

o LHSﬁ(xy,zlkab)

From here, we get

ZmZn OZp 0( ) s (m)(v_

y)minoTe S( P[+n p-qp Y.z LK, ab))
=Z7°-;)1=021°1°=0<

um

PTLM - qﬁ(x v,z Lk, a, b))——.

n! m!

Comparing of the coefficients of both sides, we have
(23).

Remark 4: For k=1l=1,a=b=1,z=0,=1in
(23), we have

G

= ( Br(f)n(x v,z /1))

BT(nann g Y; l))

Remark 5:Fork =1, l=0,a=-1, z=0, =1in
(23), we have

B0 (2) S0 (2) @ =y (LB i )
=( E,(,Zzn(x,v,z; A)).

Remark 6: Fork=l=b=1,a=—%, Z=0,ﬁ=%
in (23), we have

o (5 =

= ( LG9 (x, v, z; /1)).

3. Some symmetry 1dentitites for the unified
laguerre-based poly-Apostol type polynomials

O g7 2))

In this section, we give some symmetric
identities for the unified Laguerre-based poly-
Apostol type polynomials. Also, we prove some
relation between these polynomials and the Stirling
numbers of the second kind. Further, we give the
multiple Powers sums for the unified Laguerre-
based poly-Apostol type polynomials.

Theorem 6: Unified Laguerre-based poly-Apostol
type polynomials satisfy the following symmetry
identities
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G (Y

cerman

ka] sy, z Lk a, b))
plk ] (x,y,z; l,k,a,b))
neo() (P vzl a b))

X dn-mcn( Pr (e, y, ;1 k,a, b)). (28)

Proof: Let

) = cldlzz(l‘”(Lik(l—e—t))“>“

x eld+oyt+(d®+c?)zt? Co(xdt)Cy(xct)

na
207D (cLig(1-e7*
— < ( k( )) ) eCyt+CZZtZCO(th)

(ﬂbe”—ab)(ﬁbedt—ab)

(ﬁbect_ab)

N
N (2(1—l)(auk(1—e—t)) ) edy”dz”zCO(xdt)

(BPedt—ab)

=)o ( LP,[’;;“ x,y,zLka, b)) C::n
X Y=o ( plk ] (x, v,z;Lk,a, b)) amem
= S0 Theo(D) (PG y 5 Lk a,))
XC”"”d"( PR, y,zlkab))—.

(29)
In similar manner

£ = 2o Theo(2) (1L y 5Lk a b))

x dn-men ( PYS(x,y, 2Lk, a, b)) = (30)

From (29) and (30), we obtain (28).

Theorem 7: There is the following relation between
the unified Laguerre-based Apostol type polynomials
and Stirling number of the second kind

10 (2)( LP[l'llﬂ(x yz 1, a,b))S(q, 1a,b,B)
= 2(1 D Zn lnIHn r— l(yz)( 1)7x"

(n—=1-7)ir!

(31)
Proof: From (15), for « = k = 1. We write as

Z;’f’zo( (xy,zllab)) (BPet —ab) =
21—ltl eyt+zt Co(xt)

e ) tn
Zn:o( P,E_l,;”(x.y,Z;l.l,a,b))Ea

e t"

X Ym=0S(m,1,a,b, ) b
— ity yn o HZ 02D
=2 t Zn:OZrzo I (n—r)!(r!)? n!’
By using Cauchy product and since
( PGy, z L g, b)) — =
( P[ Za-np@ Yzl La, b))

We obtain (31).
Theorem 8: The following relation holds

"=0(f)( P kil (x,y, 2Lk, a, b)) c"d'qb@-V
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) nar
o)

o) e

P[kl

az

x cy c’z r .l b(d-1)
d . ,lk,a,b))d cla

X Z (32)

Proof: From (5), for a = 1. Let

21-lclg2 (Lik(1_e—t))l(ﬂbdecdt_abd)
g(t) - (Bbect—ab)(Bbedt—ab)
Zl‘l(cLik(l—e“))l

— t+c2zt?
T (Bbect—ab) eV o (xct)

eCyHCZZtZCO(th)

dzabd(l_(ﬁ)bdecdt)
(o)

=Z;’1°=0< P[kﬂ(x v,z Lk,a, b))c 2 glgb@-1

x 20T ()" i,

By using the Cauchy product, we have

Yo o (”)( PNy, z Lk g, b)) c"dlqP@D

x 252 (8)" (mayn- “—, (33)

Similiarly
g@) =

l
217 dLig(1-e™)) €y grsl g2e2
( ) e WHard*t ¢ (g dt)

(Bbedt—gb)

L (Bbdecdt_abd)
(ﬁbECt—ab)
t" 1 b(d-1)

[k1] (x cy c?z. dan
P‘nﬁ (E,F,?,l,k,a,b)—nl ca

b(5)" omer

Using Cauchy product, we get

= Zﬁ:o
X Yo D

PR (")( BT (22, Cd—f,l k.a, b)) drclgb@-n

x 542 (£)" moyrr &

nl

(34)
Equating the coeffiecents of % both sides of the
equations (33) and (34), we obtain (32).

Theorem 9: There is the following symmetric
relations between multiple power sums and unified
Laguerre-based poly-Apostol polynomials

d@-Di+2 Z;’l:o (;)( LPnk;f;l Gy, z Lk a b)) n+i-y

X %o (1) 220(?) (75 (e, (2)')

X ( Py[l:;,]ﬁ (x,y,2z; Lk, a, b)) dr

= cla-1i+2 Xy=0 (;)( ka“ lx, yv.z; Lk, a, b)) dn+i-v
%20 (1) Z2o(?) (—a)p-rsr(“) (¢.())

X ( LPyUf;]ﬁ(x, v.z; Lk, a, b)) c’.

Proof: Let

(35)

h(t) =
(Zl‘ldlcl(Lik(l—e“))l)

(Bbect_ab)a+1

X Co(xct)Cy(xdt)

(ﬁbdecdt_

(Bbedt_ab)a+1

bd\*
abd) e(d+c)yt+(d2+cz)zt2
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ﬁbect_ab

N atl
21 cLip(1-e"t
— < ( k( )) > ecyt+czzt2Co(xct)cd(a—l)Hz

edyt+dzzt2 Co(xdt).

1
(Bbdecdt_abd)a zl—l(dLik(l—e‘f))

Bbedt_gb Bbedt—_gb

By using (6) and Cauchy product, we have

= Srofd @ wr, () (B oy s Lk e b))

x 1 5T (V)50 (%) (~a)P- rS(d)( @”)

X ( Py, z Lk a, b)) s (36)
In similiar manner,

h(t) =

Tropfcleirzyn (;)( P k““] xy.z1Lka, b))
T () s )

X ( LP},[’f;‘]B(x, v.z;Lk,a, b)) CV}%. (37)

Comparing the coeffiecents of & both sides of the
equations (36) and (37). We obtaln (35).

4., Conclusion

In this work, we apply the poly-Bernoulli
polynomials to unified Laguerre-based polynomials.
We obtain some symmetric identities and some
relations fort he unified Laguerre-based Apostol type
polynomials.
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